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BIRATIONAL GEOMETRY
OF RATIONALLY CONNECTED MANIFOLDS
VIA QUASI-LINES
PALTIN IONESCU
Abstract. This is, mostly, a survey of results about the birational geom-
etry of rationally connected manifolds, using rational curves analogous to
lines in Pn (quasi-lines). Various characterizations of a Zariski neighbour-
hood of a line in Pn are obtained, some of them being new. Also, methods
of formal geometry are applied for deducing results of birational nature.
0. Introduction
The essential role played by rational curves in the birational classification of
algebraic varieties became clear since the appearence of Mori theory [14, 15].
In 1992, Kolla´r, Miyaoka and Mori [12] introduced the very useful class of
rationally connected manifolds. This class contains important subclasses, such
as unirational or Fano manifolds, admits several convenient characterizations
and has many good stability properties. One of the characterizations of ratio-
nally connected manifolds is the presence of a smooth rational curve having
ample normal bundle.
A model of a rationally connected projective manifold X is a pair (X,Y ),
where Y is a smooth rational curve such that NY/X is ample (cf. [8]). Two
models are equivalent, denoted (X,Y ) ∼ (X ′, Y ′), if there is an isomorphism
between open Zariski neighbourhoods of Y , respectively Y ′, sending Y to Y ′.
Rationally connected manifolds are known to have a very complicated bira-
tional geometry; see e.g. [9, 10]. Hopefully, a convenient choice of models will
simplify the original birational problem. In fact, using Hironaka’s result [6],
we see that the birational classification (of rationally connected manifolds) is
essentially the same as the classification of models, modulo the above equiva-
lence relation. Given a rationally connected projective manifold, there is some
birational model containing a “quasi-line”, i.e. a smooth rational curve having
the normal bundle of a line in Pn (cf. [7]). It turns out that the Hilbert scheme
of quasi-lines has nice properties; in particular, counting curves through two
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general points can detect the (uni)rationality of the given manifold. An inter-
mediate step in studying the equivalence of two models (X,Y ) and (X ′, Y ′)
is the comparison of the formal completions X/Y and X
′
/Y ′ . This allows one
to use powerful results from formal geometry due to Hironaka, Hironaka–
Matsumura, Hartshorne, Gieseker (see [1] or [4]) in the study of models.
This paper is, mostly, a survey based on the works [2], [8] and [7]; on the
other hand, it also contains several new results, for instance Proposition 1.8,
Theorem 2.8, Proposition 4.11, Theorem 4.16 and Corollary 4.17. Proposi-
tion 2.1, Corollary 2.3, Theorem 2.5 and Proposition 4.8 are refinements of
results from [2] and [7]. In the first section we discuss, informally, models
in general. In Theorem 1.3 we prove (cf. [7] and [8]) a reduction result that
replaces a given model by one of lower dimension, in the presence of a suit-
able linear system. We consider deformations of models and recall a finiteness
result from [8]. Also, a notion of minimality is briefly disscused. Next we
recall from [7] the existence of quasi-lines and explain their use. The second
section contains two characterizations of the basic model (Pn, line). The first
one, Theorem 2.5, cf. [7], is in terms of curves only. The second one, Theo-
rem 2.8 which is new, is in terms of linear systems of “maximal dimension”.
We note one consequence of Theorem 2.5, cf. [7]. Rational manifolds contain-
ing “big” open subsets of Pn (these are called strongly-rational, cf. [2]) are
closed with respect to small deformations. No analogous result is known for
rational manifolds. In the third section, following [7], we prove a characteriza-
tion of rationality in terms of quasi-lines and a useful result on the ascent of
rationality. We apply the last to give a simple proof that del Pezzo manifolds
of degree > 4 are rational. The last section investigates the formal geometry
of quasi-lines. We introduce, following [7], a “local number” associated with
a quasi-line; Theorem 4.2 relates global and local invariants of quasi-lines and
has many useful consequences. A computable property of quasi-lines, called
regularity, is introduced. A typical application is the following (Corollary 4.7):
if two models (X,Y ) and (X ′, Y ′), with Y, Y ′ regular quasi-lines, are formally
equivalent (i.e. X/Y ≃ X
′
/Y ′ as formal schemes), then they are equivalent.
In particular, we get (Proposition 4.8): Let X,X ′ ⊂ Pd+1, d = 3, 4, 5, be
smooth Fano threefolds of degree d and let Y ⊂ X, Y ′ ⊂ X ′ be general con-
ics. If X/Y ≃ X
′
/Y ′ , then there exists an isomorphism ϕ : X → X
′ such that
ϕ(Y ) = Y ′. Theorem 4.16 contains a new characterization of the formal com-
pletion Pn/line. It may be used to get a new description of the model (P
n, line),
Corollary 4.17. We work over the field C and we use the standard notation
and terminology of Algebraic Geometry, as in [5].
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1. Models of rationally connected manifolds
Let X denote a complex projective manifold of dimension n (usually n > 2).
We say that X is rationally connected (cf. [12]) if there is a rational curve
passing through any two given points ofX. The following theorem summarizes
some of the main properties of rationally connected manifolds.
Theorem A. (cf. [12, 3] or [10]) (i) Unirational manifolds and Fano manifolds
are rationally connected;
(ii) being rationally connected is a birational property and is invariant under
smooth deformation;
(iii) rationally connected manifolds are simply connected and satisfy
H0(X,Ω⊗mX ) = 0 for m > 0 and H
i(X,OX ) = 0 for i > 0;
(iv) X is rationally connected if and only if there is a smooth rational curve
Y ⊂ X such that the normal bundle of Y in X is ample;
(v) if n = 2, X is rationally connected if and only if X is rational.
Definition 1.1. A model of a rationally connected manifold X as above, is a
pair (X,Y ), where Y ⊂ X is a smooth rational curve with NY/X ample.
Isomorphism of models is defined in the obvious way. More importantly, we
introduce the following.
Definition 1.2. Two models (X,Y ) and (X ′, Y ′) are equivalent, denoted
(X,Y ) ∼ (X ′, Y ′), if there are Zariski open subsets U ⊆ X and U ′ ⊆ X ′,
satisfying Y ⊂ U and Y ′ ⊂ U ′, and an isomorphism ϕ : U → U ′, such that
ϕ(Y ) = Y ′.
Note that in this case X and X ′ are birationally equivalent. Conversely,
assume that X and X ′ are birationally equivalent rationally connected man-
ifolds. Choose a birational map ϕ : X 99K X ′. By Hironaka’s result (cf. [6]),
we may find a composition of blowing-ups σ : X˜ → X such that ϕ := ϕ ◦ σ is
a birational morphism. Now, we can choose a model (X ′, Y ′) such that ϕ−1 is
an isomorphism along Y ′; in other words, by letting Y˜ := ϕ−1(Y ′), the models
(X˜, Y˜ ) and (X ′, Y ′) are equivalent. Note, in particular, that proving the ra-
tionality of a given rationally connected manifold X, amounts to showing the
equivalence (X˜, Y˜ ) ∼ (Pn, line), for a suitably chosen model of some blow-up
X˜ of X.
To state our first result, we introduce some more notation. If (X,Y ) and
(X ′, Y ′) are models and ϕ : X → X ′ is a morphism such that ϕ(Y ) = Y ′,
we write ϕ : (X,Y ) → (X ′, Y ′) and call it a morphism of models. Given
a model (X,Y ), we write Y ′ ∼ Y if Y ′ is a general deformation of Y ; in
particular, we can consider the new model (X,Y ′). Recall that for any model
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(X,Y ), a theorem due to Grothendieck tells us that NY/X ≃
n−1⊕
i=1
OP1(ai),
0 < a1 6 · · · 6 an−1. Now we can state the following:
Theorem 1.3. (cf. [8, Theorem 1.12], [7, Theorem 1.7]) Let (X,Y ) be a model
such that NY/X ≃
n−1⊕
i=1
OY (ai) with a1 6 · · · 6 an−1 and let D be a divisor on
X such that (D · Y ) := d > 0, with a1 > d and dim |D| > d. Then there are
X˜ a blow-up of X, Y ′ ∼ Y , and a diagram of models
(Z, Y˜ ′) →֒ (X˜, Y˜ ′)
ϕ
−→ (Pdim |D|−d+1, l),
where l is a line, such that:
(i) ϕ is surjective with connected fibres;
(ii) any smooth fibre of ϕ is rationally connected;
(iii) Z := ϕ−1(l) is smooth;
(iv) Y˜ ′ is a section for ϕ|Z .
Sketch of the proof. Step 1. We may assume |D| free of fixed components
and, replacing Y by a general deformation of it, we may also assume that
Y ∩Bs|D| = ∅. Next, we blow-up d− 1 points on Y and get a new manifold
X ′. Replace the model (X,Y ) by the model (X ′, Y ′), where Y ′ is the proper
transform of Y . We find the linear system |D′| on X ′ such that: (D′ · Y ′) = 1
and dim |D′| > 1.
Step 2. By step 1, we may assume d = 1 and dim |D| := s > 1. After
suitable blowing-up σ : X˜ → X, we may also assume Bs|D| = ∅. To prove (i),
proceed by induction on s. If s = 1, note that (D ·Y˜ ′) = 1 shows that the fibres
of ϕ|D| are connected. If s > 2, (D · Y˜
′) = 1 implies that ϕ is not composed
with a pencil, so Bertini’s Theorem applies to find a smooth connected member
∆ ∈ |D| through two general points x, y of X˜. We may assume that x, y ∈ Y˜ ′
and we obtain the new model (∆, Y˜ ′). The exact sequence
0→ OX˜ → OX˜(D)→ O∆(D)→ 0
shows that dim |D|∆| = s − 1 and we may apply the induction hypothesis to
deduce (i).
(iii) follows by Bertini’s Theorem, since the line determined by ϕ(x), ϕ(y)
is general.
(iv) is clear.
To prove (ii), we use the model (Z, Y˜ ′). We see that on a general fibre of
ϕ|Z : Z → P
1, two points may be joined by a sequence of rational curves,
making use of the same property on Z. 
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Corollary 1.4. ([7, Corollary 1.8]) Let (X,Y ) be a model and D a divisor
on X. Assume that NY/X ≃
n−1⊕
i=1
OY (ai), a1 6 · · · 6 an−1, d := (D · Y ) > 0,
d 6 a1 and dim |D| > n+ d− 1. Then X is rational.
Corollary 1.5. Keep all the other hypotheses of Corollary 1.4 and replace the
last inequality by dim |D| > n+ d− 2. Then X is birational to a conic bundle.
Next, we consider deformations of models. Let (X,Y ) be a model. By a
deformation of (X,Y ) we mean a commutative diagram
Y
i
−→ X
q
y ւp
T
where p, q are proper smooth morphisms, i is a closed embedding, T is a
connected scheme such that (Xt,Yt) is a model for each (closed) t ∈ T and
(X,Y ) ≃ (Xt0 ,Yt0) for some t0 ∈ T . We say that (X,Y ) and (X
′, Y ′) are
deformation equivalent if both appear as fibres of the same deformation. By a
polarized model we mean a triple (X,Y,H), where (X,Y ) is a model and H is
an ample divisor on X. Let d := (H ·Y ). Using Matsusaka’s theorem (cf. [13])
and its refinement from [11] together with Mori theory [15], one can prove the
following finiteness result:
Theorem 1.6. (cf. [8, Theorem 3.2]) Fix n > 2 and d > 0. There are
only finitely many isomorphism classes of polarized models (X,Y,H) such that
dim(X) = n and (H · Y ) = d, modulo deformations.
Next we discuss a notion of “minimality” for models, cf. [8].
Definition 1.7. Amodel (X,Y ) isminimal if any effective divisorD satisfying
(D · Y ) = 0 is zero.
Note that for any model (X,Y ) the number of prime divisors D with
(D ·Y ) = 0 is finite. In dimension two, given a model (X,Y ) there is a unique
minimal model (X0, Y0) and a birational morphism ϕ : X → X0 inducing an
equivalence of (X,Y ) and (X0, Y0) (here X0 may be singular). Moreover, there
is a complete classification of the pairs (X0, Y0). See [8, Proposition 1.21] for
details. In higher dimensions practically nothing is known about the existence
(or uniqueness) of a minimal model in a given equivalence class of models.
The following proposition illustrates the use of the minimality property of
a given model.
Proposition 1.8. Let ϕ : X ′ 99K X be a birational map inducing an equiva-
lence of the models (X ′, Y ′) and (X,Y ). Assume that (X,Y ) is minimal and
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for some (or any) ample line bundle L ∈ Pic(X) there is L′ ∈ Pic(X ′) which
is nef and coincides with ϕ∗L on the domain of ϕ. Then ϕ is a morphism.
Proof. Let X˜ be the normalization of the closure of the graph of ϕ, endowed
with the natural projections p : X˜ → X ′ and q : X˜ → X. We may assume L to
be very ample. We have the equality of linear systems on X˜ , |p∗L′| = E+|q∗L|
for some effective divisor E. We find easily that (q∗E ·Y ) = 0; the minimality
of (X,Y ) implies that codimX(q∗E) > 2. If E > 0, it follows from Hodge
Index Theorem, via suitable slicing, that there exists a curve C ⊂ X˜ such that
q(C) is a point and (C ·E) < 0. We infer that (p∗L′ ·C) < 0 which contradicts
the nefness of L′. Thus we proved that E = 0, so p is an isomorphism. 
Corollary 1.9. Let (X ′, Y ′) and (X,Y ) be equivalent minimal models. As-
sume, moreover, that X and X ′ are Fano manifolds. Then (X ′, Y ′) is isomor-
phic to (X,Y ).
Next, we come to a very important question: GivenX a rationally connected
projective manifold, is there any “convenient” choice of a model (X,Y )? As
the model (Pn, line) is the basic example, looking at specific properties of a
line in Pn suggests the following definitions, cf. [2].
Definition 1.10. (i) Y ⊂ X is called a quasi-line if NY/X ≃
n−1⊕
i=1
OP1(1);
(ii) Y ⊂ X is called an almost-line if Y is a quasi-line and there is a divisor
D on X such that (D · Y ) = 1.
Example 1.11. Let X be a Fano threefold of index two such that Pic(X) =
Z[H], H being the hyperplane section. If Y ⊂ X is a general conic, Y is a
quasi-line. This was proved by Oxbury [16]; see also [2, Theorem 3.2] for a
more conceptual argument. It is easy to see that X does not contain almost-
lines.
The following theorem from [7] is essential for the rest of this paper.
Theorem 1.12 (existence of almost-lines). Let X be a rationally connected
projective manifold. There is X ′ a smooth projective birational model of X,
containing an almost-line.
Actually, one proves that X ′ is got by a sequence of blowing-ups of X with
smooth two-codimensional centers; see [7, Theorem 2.3, Proposition 2.5].
The importance of quasi-lines comes from the following considerations about
the Hilbert scheme of such curves. Let Y ⊂ X be a quasi-line. The Hilbert
scheme of curves corresponding to the Hilbert polynomial (for a certain po-
larization) of Y in X is smooth at [Y ]. So [Y ] lies on a unique irreducible
component, say H, of this Hilbert scheme. Hence, we can speak about “curves
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from the family determined by Y ”. Note that this applies to any smooth ra-
tional curve with ample normal bundle, and we implicitly used it before, when
speaking about Y ′ ∼ Y , a general deformation of Y . We have the universal
family of such curves Y and the standard diagram
Y
φ
−→ X
pi
y
H
Now fix a point x ∈ Y . Similar considerations apply to the closed subscheme
of H corresponding to curves of the family passing through x. We denote by
Hx, respectively Yx, the Hilbert scheme of these curves and their universal
family. We keep the same notation π and φ for the restriction of the above
projections to Yx.
Definition 1.13. Let Y ⊂ X be a quasi-line.
(i) The number of quasi-lines from the family determined by Y passing
through two general points of X is denoted by e(X,Y ).
(ii) The number of quasi-lines from the family passing through one general
point of X and tangent to a general tangent vector at that point is denoted
by e0(X,Y ).
It is easy to see that given a model (X,Y ), e(X,Y ) and e0(X,Y ) are finite
exactly when Y is a quasi-line. Moreover, e(X,Y ) is nothing but the degree
of the projection φ : Yx → X for a general point x ∈ X. One can see also that
we always have e0(X,Y ) 6 e(X,Y ). However, this inequality may be strict.
Example 1.14. (cf. [2, Example 2.7]) Take X to be the desingularization of
the toric quotient of Pn (n > 3) by a cyclic group of order n+1 and Y the quasi-
line that is the image of a line in Pn. We see that e0(X,Y ) = e0(P
n, line) = 1
and e(X,Y ) = n+ 1.
Example 1.15. Let X ⊂ Pd+1 be a smooth Fano threefold of degree d, d =
3, 4, 5 and let Y ⊂ X be a general conic (cf. Example 1.11). If d = 3, we
compute e0(X,Y ) = e(X,Y ) = 6, cf. [7, Proposition 3.2]. If d = 4, we
get similarly e0(X,Y ) = e(X,Y ) = 2. I thank Arnaud Beauville for kindly
pointing out this fact to me. If d = 5, we obtain e0(X,Y ) = e(X,Y ) = 1.
2. The model (Pn, line)
The main purpose of this section is to give two different characterizations
of models equivalent to the basic model (Pn, line). A third characterization
will appear in Section 4, using formal geometry. The key to all three charac-
terizations is the following result, which is a refinement of [2, Theorem 4.4].
8 PALTIN IONESCU
Proposition 2.1. Let (X,Y ) be a model. The following conditions are equiv-
alent:
(i) (X,Y ) ∼ (Pn, line);
(ii) there is a divisor D on X such that (D · Y ) = 1 and dim |D| > n.
Proof. (i) ⇒ (ii) is easy. To prove that (ii) ⇒ (i), we first observe that Y
does not meet the base locus of |D|. Otherwise, for some point x ∈ Y , we
could find an element in |D|, which is singular at x. But Y deforms with the
point x fixed, so replacing Y by a general deformation of it passing through x,
we find that (D · Y ) > 2. The same argument shows two more things. First,
that dim |D| = n; secondly, the rational map ϕ = ϕ|D|, which is defined along
Y , is also e´tale along Y . Moreover, ϕ(Y ) is a line in Pn. It follows that the
restriction of ϕ to Y is an isomorphism onto a line and Y is a quasi-line. We
may further assume, replacing X by a suitable blowing-up, that ϕ : (X,Y )→
(Pn, line) is a morphism of models, e´tale along Y . The following useful general
lemma applies to show that ϕ induces an equivalence (X,Y ) ∼ (Pn, line), as
required. 
Lemma 2.2. Let ϕ : (X ′, Y ′)→ (X,Y ) be a morphism of models, with Y, Y ′
quasi-lines, which is e´tale along Y ′. Then e(X,Y ) = degϕ · e(X ′, Y ′).
Proof. Fix a point y′ ∈ Y ′ and let y = ϕ(y′). For x ∈ X a general point,
denote by x′1, . . . , x
′
d the points of the fibre ϕ
−1(x), d = degϕ. Consider the
quasi-lines on X ′ equivalent to Y ′, passing through y′ and some x′i, 1 6 i 6 d.
Their images on X are quasi-lines through y and x, equivalent to Y . The
induced map on Chow schemes ϕ∗ : Chy′(X
′) → Chy(X) is injective when
restricted to the open sets parameterizing quasi-lines. This comes from the
fact that the considered quasi-lines on X ′ do not intersect the ramification
divisor of ϕ. It follows that this restriction of ϕ∗ is also surjective, whence the
desired equality. 
Corollary 2.3. Let (X,Y ) be a model such that there exists a divisor D on
X with the following properties:
(i) D is nef and big;
(ii) (D · Y ) = 1.
Then (X,Y ) ∼ (Pn, line).
Proof. Following [2, p. 22]: let d := (Dn) > 0. Consider the degree-n Hilbert
polynomial p(t) := χ(OX(tD)). By duality and Kawamata–Viehweg vanishing
theorem we have, for i = 1, . . . , n,
p(−i) = χ(OX(−iD)) = (−1)
nχ(OX(KX + iD)) = (−1)
nh0(OX(KX + iD)).
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Since (KX ·Y ) 6 −n−1, we get (KX+iD)·Y < 0, hence h
0(OX(KX+iD)) = 0,
i = 1, . . . , n. Therefore
p(t) =
d
n!
(t+ 1) · · · (t+ n).
On the other hand,
p(−(n+ 2)) = (−1)nd(n + 1) = (−1)nh0(OX(KX + (n+ 2)D)).
Thus h0(OX(KX+(n+2)D)) = d(n+1) > n+1. Put D
′ := KX+(n+2)D.
It follows that dim |D′| > n and (D′ · Y ) = 1, so Proposition 2.1 applies. 
Corollary 2.4. Let (X,Y ) be a model such that there exists a divisor D on
X with the following properties:
(i) D is ample;
(ii) (D · Y ) = 1.
Then (X,Y )
∼
−→ (Pn, line).
It is easy to see that conditions (i) and (ii) imply that (X,Y ) is minimal,
so the conclusion follows from Corollary 2.3 and Corollary 1.9.
It is amusing to note that Corollary 2.4 (which follows also from adjunction
theory) implies the (well-known) fact that Pn is closed with respect to (smooth)
small deformations.
If n = 2, (X,Y ) ∼ (Pn, line) means that there is a birational morphism
ϕ : X → P2 such that Y is the pull-back of a line. For any n > 3, there
are models (X,Y ) ∼ (Pn, line) such that there is no birational morphism
ϕ : X → Pn. In fact, there are models (X,Y ) ∼ (Pn, line) such that there is
no divisor D on X which is nef and big with (D ·Y ) = 1; cf. [2, Example (4.7)],
and [8, Example (2.8)].
Now, we can state the first characterization of the models (X,Y ) equivalent
to (Pn, line). It uses only properties of the family of curves determined by Y .
The result is a more precise form of Theorem 4.2 of [7].
Theorem 2.5. Let (X,Y ) be a model. The following assertions are equivalent:
(a) (X,Y ) ∼ (Pn, line);
(b) (i) Y is a quasi-line,
(ii) e(X,Y ) = 1, and
(iii) there exists a point x ∈ Y such that, for any Y ′ ∼ Y with x ∈ Y ′, it
follows that x is a smooth point of Y ′.
We shall see in the next section that (b)(i) and (b)(ii) together imply that
X is rational. However, there are examples showing that condition (b)(iii) is
essential for the validity of Theorem 2.5 (see Example 4.19).
Proof. Following [7, Theorem 4.2], we sketch a proof that (b)(i), (b)(ii) and
(b)(iii) together imply that (X,Y ) ∼ (Pn, line), the other implication being
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easier. We recall the basic diagram
Yx
φ
−→ X
pi
y
Hx
where Hx is the Hilbert scheme of curves from the family determined by Y ,
passing through x ∈ Y . π has a section E ; condition (b)(iii) implies that E
is an effective Cartier divisor on Yx (see [7, Lemma 4.3]). Let σ : X
′ → X
be the blowing-up of x ∈ X, with E ⊂ X ′ its exceptional divisor. We get
a birational morphism φ′ : Yx → X
′ such that φ = σ ◦ φ′. Next we remark
that, if F is a general fibre of π and y ∈ F \ (F ∩ E), then φ is a local
isomorphism at y. We take H ⊂ E ≃ Pn−1 a general hyperplane; we look at
D := φ((φ′|E ◦ s ◦ π)
∗H), where s : Hx → E is the inverse of the isomorphism
π|E : E → Hx. We find that x is a smooth point of the effective divisor D. A
general deformation of Y through x meets D only at x and the intersection is
transverse, so (D·Y ) = 1. Next, for a fixed point x ∈ Y satisfying (b)(iii), let us
denote by |Dx| the linear system constructed above. We have dim |Dx| > n−1.
Either dim |Dx| > n or dim |Dx| = n− 1 and x ∈ Bs|Dx|. In the first case, we
may apply Proposition 2.1 to conclude. If the last case happens for any x ∈ Y
satisfying the open condition (b)(iii), it follows that Pic(X) is uncountable.
But X is rationally connected, so H1(X,OX ) = 0 and Pic(X) has to be
countable. This is a contradiction. 
The following definition first appeared in [2].
Definition 2.6. A projective manifold X is strongly rational, if there is a
model (X,Y ) such that (X,Y ) ∼ (Pn, line). Equivalently, X contains an
open subset U which is isomorphic to an open subset V ⊆ Pn such that
codimPn(P
n \ V ) > 2.
Theorem 2.7. (cf. [2, Proposition 3.10], [7, Theorem 4.5]) Let X be a pro-
jective manifold. The following properties of X are closed with respect to
(smooth) small deformations:
(i) X contains a quasi-line (respectively an almost-line);
(ii) X contains a quasi-line Y and e(X,Y ) = 1;
(iii) X is strongly rational.
The proof of (iii) follows from the characterization of strongly rational man-
ifolds given in Theorem 2.5.
Regarding the last point in Theorem 2.7, we recall that it is an open problem
whether or not small deformations of rational manifolds remain rational. The
example of cubic fourfolds in P5 seems to suggest that the answer should be
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negative. The positive result in Theorem 2.7(iii) illustrates how the use of
models may simplify problems of birational nature.
The second characterization of models (X,Y ) which are equivalent to
(Pn, line) is via an extremality property of linear systems. It has been conjec-
tured in [8, Conjecture 2.3].
Theorem 2.8. Let (X,Y ) be a model and D a divisor on X. Let d = (D ·Y ).
We have:
(i) dim |D| 6
(n+d
n
)
− 1;
(ii) (X,Y ) ∼ (Pn, line) if and only if equality holds in (i), for some linear
system |D| with d > 0
Proof. (i) (cf. [8, Proposition 2.1]) We may assume d > 0. Consider the
d-th jet bundle of OX(D), denoted Jd(D). Consider also the natural map
u : H0(X,OX (D)) ⊗ OX → Jd(D) which sends a section to its d-th jet. We
claim that u is generically injective, which implies the desired inequality.
Let s ∈ H0(X,OX (D)) be a non-zero section and let D
′ := (s)0. If x ∈
Y ∩ Supp(D′), we may deform Y to Y ′ by keeping x fixed, so that the local
intersection number (Y ′ · D′)x be defined. If ux(s) = 0, we get (Y
′ · D′)x >
d = (Y ·D), so s has to be zero. Thus u is injective in the open set swept out
by the deformations of Y having ample normal bundle.
(ii) Assume that dim |D| =
(n+d
n
)
− 1. Denote by µx(D) the multiplicity at
a point x ∈ X of the effective divisor D. For x ∈ Y , let Λx ⊆ |D| be the linear
system
Λx = {D
′ ∈ |D| | µx(D
′) > d} = {D′ ∈ |D| | µx(D
′) = d}.
We have
dimΛx >
(
n+ d
d
)
−
(
n+ d− 1
d− 1
)
− 1 =
(
n+ d− 1
d
)
− 1.
Let σ : X˜ → X be the blowing-up of X at x and let E be its exceptional
divisor. Write D˜ for the proper transform of D ∈ Λx. Consider the exact
sequence
0→ OX˜(σ
∗(D)− (d+ 1)E)→ OX˜(D˜)→ OPn−1(d)→ 0.
We have H0(X˜,O
X˜
(σ∗(D) − (d + 1)E)) = 0, so dim |D˜| 6 dim |OPn−1(d)| =(n+d−1
d
)
− 1; but dim |D˜| = dimΛx >
(n+d−1
d
)
− 1. So |D˜| has no base-points
along E. If Y˜ is the proper transform of Y , we also find: (D˜ · Y˜ ) = 0. It
follows that we have a rational map ϕ := ϕ
|D˜|
: X˜ 99K PN , whose image
is of dimension n − 1 (because its restriction to E is finite onto ϕ(E)) and
contracts the proper transform Y˜ ′ of a general deformation of Y . By generic
smoothness, there is only one such curve Y˜ ′ passing through the general point
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of X˜ , which means exactly that e(X,Y ) = 1. Note, in particular, that Y has to
be a quasi-line. So we have checked the first two conditions in Theorem 2.5(b).
Let us verify the third, too. We may assume, after suitable blowing-up, that
|D˜| is base-points free, see [7, p. 1068]. Let Y ′ ∼ Y , x ∈ Y ′ and consider
its proper transform, Y˜ ′. We may find an element D˜′ ∈ |D˜| such that no
irreducible component of Y˜ ′ is contained in Supp(D˜′). It follows that there
is some D′ ∈ Λx such that (D
′ · Y ′)x is defined. But we have µx(D
′) = d
which forces Y ′ to be smooth at x. The conclusion follows now by applying
Theorem 2.5. 
Note that, for d = 1, Theorem 2.8 reduces to Proposition 2.1 and was used
in the proof, via Theorem 2.5.
The following corollary is a new characterization of Pn (or of Veronese va-
rieties) in terms of models.
Corollary 2.9. (cf. [8]) Let (X,Y ) be a minimal model. The following are
equivalent:
(i) (X,Y ) ≃ (Pn, line);
(ii) there is a divisor D on X such that d = (D · Y ) > 0 and dim |D| >(n+d
n
)
− 1.
A different proof of Corollary 2.9, based on Mori’s characterization of Pn as
the only projective manifold with ample tangent bundle [14], was given in [8,
Proposition 2.10].
3. (Uni)rationality via quasi-lines
The next proposition, taken from [7], shows how one may use quasi-lines
for detecting the (uni)rationality of a given rationally connected projective
manifold.
Proposition 3.1. (cf. [7, Proposition 3.1]) Let (X,Y ) be a model with Y a
quasi-line.
(i) If e0(X,Y ) = 1, then X is unirational.
(ii) If e(X,Y ) = 1, then X is rational.
Proof. Let x ∈ Y be a fixed point. Consider the standard diagram
Yx
φ
−→ X
pi
y
Hx
given by the family of curves determined by Y and passing through x. π has
a section E = φ−1(x). Consider also σ : Blx(X) → X, the blow-up of X at
x and let E be its exceptional divisor. The rational map σ−1 ◦ φ is defined
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at a general point of E and maps E to E. The condition e0(X,Y ) = 1 means
exactly that the restriction of the rational map σ−1 ◦ φ to E gives a birational
isomorphism to E. But Yx is birationally a conic bundle for which E provides
a rational section. So Yx is birational to E × P
1 and (i) follows.
To see (ii), observe that the restriction map σ−1 ◦ φ : E 99K E is dominant,
being generically finite. Since e(X,Y ) = 1, σ−1 ◦φ is birational and by Zariski
Main Theorem, it follows that its restriction to E is also birational. Thus Yx
is rational and so is X. 
Definition 3.2. Let X be a rationally connected projective manifold. We
denote by e(X) the minimum of e(X ′, Y ′) for all models (X ′, Y ′), where σ :
X ′ → X is a composition of blowing-ups with smooth centers and Y ′ is a
quasi-line in X ′.
Theorem 3.3. (cf. [7, Theorem 3.4]) Let X be a rationally connected projec-
tive manifold.
(i) e(X) is a birational invariant of X;
(ii) X is rational if and only if e(X) = 1.
Proof. (i) Let ϕ : X1 99K X2 be a birational isomorphism between two ratio-
nally connected projective manifolds. Let σ : X ′ → X2 be a composition of
blowing-ups and let Y ′ ⊂ X ′ be a quasi-line such that e(X2) = e(X
′, Y ′). Let
µ = σ−1 ◦ ϕ : X1 99K X
′. Take ρ : X → X1, a composition of blowing-
ups such that µ ◦ ρ : X → X ′ is a birational morphism. Let Y ⊂ X
be the inverse image by µ ◦ ρ of a general deformation of Y ′. It follows
e(X2) = e(X
′, Y ′) = e(X,Y ) > e(X1). The opposite inequality follows by
symmetry.
(ii) e(Pn) = 1, so e(X) = 1 if X is rational, by (i). The converse follows
from Proposition 3.1 . 
The following result on the ascent of rationality was found in the context
of Theorem 1.3.
Theorem 3.4. (cf. [7, Theorem 1.3]) Let X be a projective variety and |D|
a complete linear system of Cartier divisors on it. Let D1, . . . ,Ds ∈ |D| and
put Wi := D1 ∩ · · · ∩Di for 1 6 i 6 s. Assume that Wi is smooth, irreducible
of dimension n − i, for all i. Assume moreover that there is a divisor E on
W :=Ws and a linear system Λ ⊂ |E| such that:
(i) ϕΛ :W 99K P
n−s is birational, and
(ii) |D|W − E| 6= ∅. Then X is rational.
Proof. Induction on s. We explain the case s = 1, the general case being
completely similar. So, let W ∈ |D| be a smooth, irreducible Cartier divisor
such that ϕΛ : W 99K P
n−1 is birational for Λ ⊂ |E|, E ∈ Div(W ) and
|D|W − E| 6= ∅. Replacing X by its desingularization, we may assume that
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X is smooth. As W is rational, it is rationally connected, so we may find
some smooth rational curve Y ⊂ W with NY/W ample. We have (Y · E) > 0
and from (ii) we deduce (Y · D) > 0. From the exact sequence of normal
bundles we get that NY/X is ample, soX is rationally connected. In particular,
H1(X,OX ) = 0.
The exact sequence
0→ OX → OX(D)→ OW (D)→ 0,
shows that dim |D| = dim |D|W |+ 1 > dim |E|+ 1 > n.
We may choose a pencil (W,W ′) ⊂ |D|, containing W , such that W ′|W =
E0 + E1, with E0 > 0 and E1 ∈ Λ. By Hironaka’s theory [6], we may use
blowing-ups with smooth centers contained in W ∩W ′, such that after taking
the proper transforms of the elements of our pencil, to get:
(a) Supp(E0) has normal crossing;
(b) Λ is base-points free (so ϕ :W → Pn−1 is a birational morphism).
Further blowing-up of the components of Supp(E0) allows to assume E0 = 0
so D|W is linearly equivalent to E. Using the previous exact sequence and
the fact that H1(X,OX ) = 0, it follows that Bs|D| = ∅. Finally, (D
n) =
(D|W )
n−1
W = 1, so ϕ is a birational morphism to P
n. 
Example 3.5. (cf. [7, Example 1.4]) Let X ⊂ Pn+d−2 be a non-degenerate
projective variety of dimension n > 2 and degree d > 3, which is not a cone.
Then X is rational, unless it is a smooth cubic hypersurface, n > 3.
If X is singular, by projecting from a singular point we get a variety of
minimal degree, birational to X. So X is rational. If X is not linearly normal,
X is isomorphic to a variety of minimal degree. Hence we may assume X to
be smooth and linearly normal. One sees easily that such a linearly normal,
non-degenerate manifold X ⊂ Pn+d−2 has anticanonical divisor linearly equiv-
alent to n− 1 times the hyperplane section, i.e. they are exactly the so-called
“classical del Pezzo manifolds”. They were classified by Fujita in a series of
papers; see [9] for a survey of his argument. As Fujita’s proof is quite long
and difficult, we show how Theorem 3.4 may be used to prove directly the
rationality of X if d > 4. Consider the surface W obtained by intersecting
X with n − 2 general hyperplanes. Note that W is a nondegenerate, linearly
normal surface of degree d in Pd, so it is a del Pezzo surface. As such, W is
known to admit a representation ϕ : W → P2 as the blowing-up of 9−d points.
Let L ⊂ W be the pull-back via ϕ of a general line in P2. It is easy to see
that L is a cubic rational curve in the embedding of W into Pd. So, for d > 4
L is contained in a hyperplane of Pd. This shows that the conditions of the
Theorem 3.4 are fullfiled for X, |D| being the system of hyperplane sections.
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We also see that Theorem 3.4 is sharp, as the previous argument fails exactly
for the case of cubics.
4. Formal geometry of quasi-lines
If Y is a closed subscheme of the scheme X, the theory of formal functions
of X along Y was developed by Zariski and Grothendieck as an algebraic
substitute for a complex tubular neighbourhood of Y in X. We denote by
X/Y the formal completion of X along Y , which is the ringed space with
topological space Y and sheaf of rings inv lim nOX/I
n, I being the sheaf of
ideals defining Y in X. All results from formal geometry we shall need may
be found in either R. Hartshorne’s classic [4], or in the recent comprehensive
monograph by L. Ba˘descu [1]. Let us recall that according to Hironaka–
Matsumura one can define the ring of formal rational functions of X along Y ,
denoted by K(X/Y ). In good cases, it is a field containing K(X), the field
of rational functions of the variety X. We say Y is G2 in X if K(X/Y ) is
a field and the degree [K(X/Y ) : K(X)] is finite. An important result due
to Hartshorne implies that if Y and X are projective manifolds and NY/X is
ample, Y is G2 in X. We say Y is G3 in X if Y is G2 and the inclusion
K(X) ⊂ K(X/Y ) is an equality. The following definition (cf. [7]) is similar
to the one in Definition 3.2; here for a given quasi-line we consider its e´tale
neighbourhoods instead of its Zariski neighbourhoods.
Definition 4.1. Let Y ⊂ X be a quasi-line. The number e˜(X,Y ) is the
minimum of e(X ′, Y ′), where X ′ is a projective manifold, Y ′ ⊂ X ′ is a quasi-
line and f : (X ′, Y ′)→ (X,Y ) is a morphism of models, e´tale along Y ′.
The following theorem, based on results due to Hartshorne and Gieseker, is
essential for the sequel.
Theorem 4.2. (cf. [7, Theorem 5.4]) If Y ⊂ X is a quasi-line then
e(X,Y ) = e˜(X,Y ) · [K(X/Y ) : K(X)].
Proof. One first observes that (see Lemma 2.2), if f : (X ′, Y ′) → (X,Y )
is a morphism of models, with Y ,Y ′ quasi-lines, e´tale along Y ′, then we
have e(X,Y ) = deg f · e(X ′, Y ′). Next we choose an f as above, such that
e(X ′, Y ′) = e˜(X,Y ) and we claim that Y ′ is G3 in X ′. Since Y ′ is G2 in
X ′, we may apply a very useful construction due to Hartshorne–Gieseker (see
[1]) to get a morphism of models g : (X ′′, Y ′′)→ (X ′, Y ′) as above, such that
deg g = [K(X ′/Y ′) : K(X
′)] and Y ′′ is G3 in X ′′. By the previous step and
the definition of e˜(X,Y ), it follows that [K(X ′/Y ′) : K(X
′)] = 1, i.e. Y ′ is
G3 in X ′.
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The diagram associated to f ,
K(X) −→ K(X/Y )y y≃
K(X ′)
∼
−→ K(X ′/Y ′)
shows that deg f = [K(X/Y ) : K(X)]. Note that the right vertical isomor-
phism comes from the fact that f , being e´tale along Y ′ induces an isomorphism
between X/Y and X
′
/Y ′ . 
Corollary 4.3. (cf. [7, Corollary 5.5]) Let (X,Y ) and (X ′, Y ′) be models
with Y, Y ′ quasi-lines. If X/Y
∼
→ X ′/Y ′ as formal schemes, then e˜(X,Y ) =
e˜(X ′, Y ′).
Corollary 4.4. (cf. [7, Corollary 5.6]) Let Y ⊂ X be a quasi-line. Then
e0(X,Y ) 6 e˜(X,Y ) 6 e(X,Y ).
Definition 4.5. We say that a quasi-line Y ⊂ X is regular if e˜(X,Y ) =
e(X,Y ).
Corollary 4.6. (cf. [7, Corollary 5.7]) Let Y ⊂ X be a quasi-line. Y is regular
if and only if Y is G3 in X. If e0(X,Y ) = e(X,Y ), then Y is regular.
Note, as a very special case, that a quasi-line Y ⊂ X with e(X,Y ) = 1 is
G3. This generalizes the fact, first noticed by Hironaka in the sixties, that a
line in Pn is G3.
Corollary 4.7. Let (X,Y ), (X ′, Y ′) be models with Y , Y ′ regular quasi-lines.
If X/Y
∼
−→ X ′/Y ′ as formal schemes, then (X,Y ) ∼ (X
′, Y ′).
The following proposition generalizes [7, Corollary 5.12].
Proposition 4.8. Let X,X ′ ⊂ Pd+1 be smooth Fano threefolds of degree d,
d = 3, 4, 5 and let Y ⊂ X, Y ′ ⊂ X ′ be general conics. If X/Y
∼
−→ X ′/Y ′ , then
there exists an isomorphism of models ϕ : (X,Y )→ (X ′, Y ′).
For a proof, combine Example 1.15 with Corollaries 4.6 and 4.7.
Definition 4.9. Y ⊂ X is a line if Y is a regular almost-line.
An ordinary line in Pn is clearly a line in the sense of Definition 4.9, whence
the terminology.
Using Theorem 1.12 and the Hartshorne–Gieseker construction one sees that
the following holds:
Given a rationally connected projective manifold X, we may find a generi-
cally finite morphism X ′ → X such that X ′ contains a line.
The next question looks interesting:
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Question 4.10 (existence of lines). Given a rationally connected manifold X
can we find a (smooth, projective) birational model of X containing a line?
Note that almost-lines Y ⊂ X with e(X,Y ) = 1 are lines by Corollary 4.6.
The following proposition will allow us to construct other examples of lines.
Proposition 4.11. In the setting of Theorem 1.3 assume moreover that d = 1
and Y˜ is G3 in Z. Then Y˜ is G3 in X˜.
Proof. Assume that Y˜ is not G3 in X˜ and apply the Hartshorne–Gieseker con-
struction to the model (X˜, Y˜ ). We find the morphism of models f : (
˜˜
X,
˜˜
Y )→
(X˜, Y˜ ), e´tale along
˜˜
Y and of degree > 1. Use Bertini’s Theorem to infer that,
for a general line l ⊂ Ps, Z˜ := (ϕ ◦ f)−1(l) = f−1(Z) is smooth and irre-
ducible. We find that f−1(Y˜ ) ⊂ Z˜ is disconnected, having
˜˜
Y as a connected
component. A fundamental result due to Hironaka–Matsumura (see [1]) as-
serts that f−1(Y˜ ) is G3 in Z˜, because Y˜ is G3 in Z. Now, it is easy to see
that a G3 subscheme of a projective manifold is connected (see [1]). This is a
contradiction, so Y˜ is G3 in X˜. 
Corollary 4.12. In the setting of Corollary 1.5, assume moreover that d = 1.
Then Y is G3 in X.
We may apply the preceding proposition, noting that, Z being a surface,
any curve with positive self-intersection on it is G3.
Example 4.13. Let X be the blowing-up of a smooth cubic threefold in P4
with center an ordinary line. X carries a conic-bundle structure ϕ : X → P2;
if Y ⊂ X is a section for ϕ of self-intersection one, Y is a line. To see this,
notice that Y is an almost-line and apply Corollary 4.12.
The following question seems very interesting (especially if it has an affir-
mative answer), but looks difficult.
Question 4.14. Let Y ⊂ X be a line. Is it true that e(X,Y ) is a birational
invariant of X (i.e. an invariant of K(X/Y ))?
The following example shows that the answer is negative if we only assume
Y to be a regular quasi-line.
Example 4.15. LetX ⊂ P5 be a smooth complete intersection of two quadrics
and let Y ⊂ X be a general conic, cf. Example 1.15. From Corollary 4.6 we
deduce that Y is a regular quasi-line. However, X being rational, a positive
answer to Question 4.14 would imply e(X,Y ) = 1.
The next result, inspired by Proposition 2.1, gives a characterization of the
formal completion Pn/line.
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Theorem 4.16. Let (X,Y ) be a model.
(i) There is some L ∈ Pic(X/Y ) such that degL|Y = 1.
(ii) For any such L, we have h0(X/Y , L) 6 n+ 1.
(iii) X/Y is isomorphic to P
n
/line if and only if there is an L ∈ Pic(X/Y )
such that degL|Y = 1 and h
0(X/Y , L) = n+ 1.
Proof. Denote by Y (i), i > 0, the i-th infinitesimal neighbourhood of Y in X.
We have the standard exact sequence
0→ Si+1(N∨Y/X)→ OY (i+1) → OY (i) → 0.
(i) The above sequence yields the truncated exponential sequence
0→ Si+1(N∨Y/X)→ O
∗
Y (i+1) → O
∗
Y (i) → 1.
For any curve Y , we have H2(Y, Si+1(N∨Y/X)) = 0, so, by taking cohomology,
we get surjections
Pic(Y (i+ 1))→ Pic(Y (i))→ 0 for i > 0.
Therefore we may lift OP1(1) to Pic(X/Y ) = inv limn Pic(Y (n)).
(ii) Let Li := L|Y (i) for i > 0. The first exact sequence above, tensored by
L, gives
0→ Si+1(N∨Y/X)⊗ L0 → Li+1 → Li → 0.
We deduce easily
h0(L1) 6 n+ 1, h
0(Li+1) 6 h
0(Li) for i > 1.
As H0(X/Y , L) = inv limnH
0(Y (n), Ln), the conclusion follows.
(iii) One implication is obvious. To see the other, we remark that the
hypothesis h0(X/Y , L) = n + 1 and the preceding exact sequences yield that
h0(Y (i), Li) = n+1 for i > 1, and each Li is spanned by global sections. Now
it is easy to see, using exact sequences as above and induction on i, that Li
induces an isomorphism of schemes between Y (i) and the i-th infinitesimal
neighbourhood of a line in Pn. These isomorphisms are compatible, so they
patch together to give the desired isomorphism X/Y
∼
−→ Pn/line. 
The next corollary is the third promised characterization of the model
(Pn, line).
Corollary 4.17. The following conditions are equivalent for a model (X,Y ):
(a) (X,Y ) ∼ (Pn, line);
(b) (i) there is some L ∈ Pic(X/Y ) such that degL|Y = 1 and h
0(X/Y , L)
> n+ 1;
(ii) Y is regular.
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Note that condition (b)(i) implies that Y is a quasi-line, so that (b)(ii)
makes sense. To see that (b)(i) and (b)(ii) imply (a), combine Theorem 4.16
and Corollary 4.7.
Proposition 4.18. (cf. [8, Proposition 4.2], [7, Lemma 5.9]) Let (X,Y ) be a
model with Y a quasi-line. Let E be a vector bundle on X such that
E|Y = OP1(a)⊕ · · · ⊕ OP1(a)⊕OP1(a+ 1)
for some a ∈ Z. Let X ′ be P(E) and let π : X ′ → X be the projection. Then:
(i) there is a quasi-line Y ′ ⊂ X ′ such that π : (X ′, Y ′) → (X,Y ) is a
morphism of models;
(ii) e(X,Y ) = e(X ′, Y ′).
Example 4.19. (i) The model (X,Y ) from Example 1.14 satisfies condition
(b)(i) from Corollary 4.17, but Y is not regular: we have e˜(X,Y ) = 1 and
e(X,Y ) = n+ 1.
(ii) Consider the model (Pn, line) and apply Proposition 4.18 to E = TPn
to find the new model (X ′ = P(TPn), Y
′). (X ′, Y ′) satisfies (b)(ii) of Corol-
lary 4.17, but does not satisfy (b)(i). Indeed Y ′ is regular since e(X ′, Y ′) =
e(Pn, line) = 1 by Proposition 4.18(ii). If (b)(i) would be fulfilled, we would
have (X ′, Y ′) ∼ (P2n−1, line). But (X ′, Y ′) is easily seen to be minimal (see [8,
Lemma 4.4]), so (X ′, Y ′) would be isomorphic to (P2n−1, line), which is clearly
absurd. Note that (X ′, Y ′) also provides an example verifying the first two
conditions of Theorem 2.5(b), but not the third.
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